In the framework of the Einstein-aether theory we consider a cosmological model, which describes the evolution of the unit dynamic vector field with activated rotational degree of freedom. We discuss exact solutions of the Einstein-aether theory, for which the space-time is of the Gödel-type, the velocity four-vector of the aether motion is characterized by a non-vanishing vorticity, thus the rotational vectorial modes can be associated with the source of the universe rotation. The main goal of our paper is to study the motion of test relativistic particles with vectorial internal degree of freedom (spin or polarization), which is coupled to the unit dynamic vector field. The particles are considered as the test ones in the given space-time background of the Gödel-type; the spin (polarization) coupling to the unit dynamic vector field is modeled using exact solutions of three types. The first exact solution describes the aether with arbitrary Jacobson's coupling constants; the second one relates to the case, when the Jacobson's constant responsible for the vorticity is vanishing; the third exact solution is obtained using three constraints for the coupling constants. The analysis of the exact expressions, which are obtained for the particle momentum and for the spin (polarization) four-vector components, shows that the interaction of the spin (polarization) with the unit vector field induces a rotation, which is additional to the geodesic precession of the spin (polarization) associated with the universe rotation as a whole.
I. INTRODUCTION
The Einstein-aether theory is a version of the modified gravity based on the introduction of a dynamic vector field U i , which is time-like and unit, i.e., g ik U i U k = 1. This unit vector field realizes the idea of a preferred frame of reference (see, e.g., [1] [2] [3] [4] ), and it characterizes the velocity of the aether motion (see, e.g., [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] for details, references and analysis of models with various space-time symmetries). As it was mentioned in [14] , the integral curves associated with this unit time-like field can be interpreted in terms of a flow of an aether fluid, the velocity four-vector being tangent to this flow. This aether fluid can be considered in the context of a cosmic dark fluid. For instance, in the works [15] [16] [17] [18] [19] the authors interpret the vector field effects in cosmology as effects of the dark energy and dark matter. The coupling of the axionic dark matter to the non-uniformly moving aether was described in [20] based on the axionic extension of the Einstein-aether theory. The cosmological application of the Einstein-aether-axion theory shows explicitly, that the late-time Universe in this model expands with acceleration, and asymptotically, the Universe evolution is of the de Sitter type [20] . In other words, in the context of the Universe evolution the unit dynamic vector field, associated with the velocity four-vector of the aether motion, produces effects identified with the cosmic dark energy influence. In order to study the "dark properties" of the aether, one has to elaborate a set of physical tests clarifying the character of coupling between the dynamic vector field and cosmic carriers of information. Keeping in mind this idea, we studied in [21] [22] [23] a number of phenomenological models of interaction of the unit vector field with the electromagnetic field. When we deal with microscopic description of such interactions, we need to consider the dynamics of individual particles with spin or polarization. The coupling of relativistic spinning particles to the axionic dark matter was described in [24, 25] ; now we plan to study the influence of the dynamic aether on the relativistic particles with spin or polarization in the context of testing of the dark sector of the Universe.
The basic version of the Einstein-aether theory contains four Jacobson's coupling constants introduced phenomenologically, C 1 , C 2 , C 3 , C 4 [5] . A physical sense of these parameters and their links with Newtonian gravitational constant, with post-Newtonian parameters, etc., were discussed in many works (see, e.g., the status report [11] for details and references). For our discussion it is interesting to mention the following details. It is well known that the covariant derivative of the vector field ∇ i U k can be decomposed into the sum of four irreducible parts; the first one contains the acceleration four-vector DU i ; the second item is the symmetric shear tensor σ ik ; the third element of the sum is the skewsymmetric vorticity tensor ω ik ; the last addend contains the expansion scalar Θ. When one considers the application of the Einstein-aether theory to isotropic homogeneous cosmological models, only one effective coupling constant C θ =C 1 +3C 2 +C 3 enters the master equations [11] . In fact, three constants remain hidden due to the symmetry of such cosmological model, and the effective parameter C θ appears in the Lagrangian in front of the squared expansion scalar Θ 2 , which is the unique element of decomposition of the tensor ∇ i U k in the model with such symmetry. When one deals with static spherically symmetric models, the parameter C a =C 1 +C 4 becomes the key parameter, which appears in front of the scalar DU k DU k . The Einstein-aether model with planewave symmetry involves into consideration the parameter C σ = C 1 +C 3 , which appears in the Lagrangian in front of non-vanishing scalar σ ik σ ik . We are interested to consider the models, in which the skew-symmetric vorticity tensor ω ik plays the main role, and the removal of degeneracy with respect to the effective coupling constant C ω =C 1 −C 3 takes place. In other words, we intend now to consider the models, in which the rotational degree of freedom in the aether flow is activated.
One of the most known space-time models admitting the rotation in the velocity field, is the Gödel spacetime, which describes the universe rotation. The classical Gödel solution [26] is obtained with the assumption that the universe contains a dust matter and is stabilized by the cosmological constant. One can say using modern terminology that this classical solution relates to the presence of a dark fluid (a dark matter of the dust type plus a dark energy of the Λ type). There is a number of works (see, e.g. [27] - [42] ), in which the universe rotation is associated with various modifications of the gravitational theory (non-minimal models, in particular f (R), f (T ), f (R, T ) models, scalar-tensor theories, vector-tensor theories of gravity, etc.). The unit dynamic vector field, the basic element of the Einstein-aether theory, was considered as a source of the universe rotation in the works [34, 41] .
Our goal is to study the behavior of relativistic test particles possessing spin or polarization, which interact with dynamic unit vector field. Why this behavior seems to be interesting? Answering this question, we keep in mind the analogy with the classical direct and reciprocal Magnus effects. When the rotating body moves in the fluid flow, it changes the direction of motion; when the fluid flow is characterized by non-vanishing circulation, the body changes the direction of motion. Now we deal with the aether flow, which possesses the rotational degree of freedom (vortex). Despite the relativistic particle is considered to be point-like, we can expect that similar Magnus-type interactions can appear in microscopic theory also, since the particle has a vectorial internal degree of freedom (spin or polarization). In this case the spin (polarization) four-vector attributed to the test particle, can be treated as a marker, and the spin precession or polarization rotation can signalize about the interaction of this particle with the non-uniformly moving aether. To describe the influence of the universe rotation on the spin (polarization) evolution we also use the extension of the Gödel model based on the Einstein-aether theory. Our study includes some new details; for instance, we consider an exact solution of the Gödel-type obtained for a matter substratum with non-vanishing anisotropic pressure (e.g., for the anisotropic dark fluid), as well as, we investigate a new exact solution without matter, valid for the case, when the unit vector field with specific set of Jacobson's parameters is the source of the universe rotation.
The paper is organized as follows. In Section II, we remind the basic elements of the Einstein-aether theory and introduce the system of master equations for relativistic particle dynamics and spin (polarization) evolution accounting for interactions with the dynamic aether. In Section III, we consider the first application of the extended model: a Gödel-type universe supported by aether with arbitrary Jacobson's constants and a dark fluid with anisotropic pressure; we discuss obtained exact solutions to the vector field equations, to the gravity field equations, to the equations of particle dynamics and spin (polarization) evolution. In Section IV, we consider the second application of the extended model: a Gödel-type universe supported by a pure aether with one arbitrary Jacobson's constant. Section V contains discussion and conclusions.
II. THE FORMALISM A. Action functional of the Einstein-aether theory
The Einstein-aether theory is constructed using the action functional of the following form (see, e.g., [5] ):
Here, the determinant of the metric g=det(g ik ), the Ricci scalar R, the cosmological constant Λ are the standard elements of the Einstein-Hilbert action. The term
is the Lagrangian of a matter substratum. Two new elements involving the vector field U i appear in (1) . The first term, λ (g mn U m U n −1), ensures that the U i is normalized to one. The second term contains all possible pair convolutions of covariant derivatives of the vector field U i . A necessary invariant structure is formed by Jacobson's constitutive tensor K abmn , which is constructed using the metric tensor g ij and the velocity four-vector U k only:
2) The parameters C 1 , C 2 , C 3 and C 4 are Jacobson's constants.
The tensor ∇ i U k can be decomposed into a sum of its irreducible parts: the acceleration four-vector DU i , the shear tensor σ ik , the vorticity tensor ω ik , and the expansion scalar Θ:
The basic quantities are defined as follows:
In these terms the scalar K abmn ∇ a U m ∇ b U n can be rewritten as
thus explaining the usage of the alternative set of coupling constants
Clearly, the parameter C a appears in the Lagrangian in front of the square of the acceleration four vector a i ≡ DU i , the parameter C ω introduces the squared vorticity tensor, etc.
B. Field equations
Master equations for the unit dynamic vector field
The variation of the action (1) with respect to λ yields the equation
which is known to be the normalization condition of the time-like vector field U k . The variation of the functional (1) with respect to vector field U i gives the equations
where
The Lagrange multiplier λ can be found as
using the convolution of (8) with the velocity four-vector.
Master equations for the gravitational field
The variation of the action (1) with respect to the metric g ik yields the gravitational field equations:
is the stress-energy tensor of the vector field U i :
where parentheses in the index line denote symmetrization,
is defined standardly as
Using the velocity four-vector of the aether U i this tensor can be algebraically decomposed as follows:
Here ρ is the energy density scalar with respect to a restframe of the aether, I
(q) k is the heat-flux four-vector, the tensor P ik describes the anisotropic pressure. These quantities are defined standardly as
The four-vector I (q) p and the symmetric tensor P pq are orthogonal to the four-vector U p .
C. Dynamics of particles with vectorial internal degree of freedom in the non-uniformly moving aether
Basic equations describing massive particles with spin
The evolution of relativistic point-like particles with an electric charge and a spin four-vector is guided by the following set of master equations (see, e.g., [24, 43] for motivation and details):
Here p i is the particle momentum four-vector, and S i is the spin four-vector. The force-like terms, F i and G i , describe the rates of change of the momentum and spin, respectively; they possess three general properties. (i). The mass of the particle, m, defined from the normalization law p i p i = m 2 (we use the units with =c=1), is assumed to be conserved quantity, providing the fourvector F i to be orthogonal to the momentum:
(ii). Similarly, we assume that the scalar square of the space-like spin four-vector is constant, i.e., S i S i =const= −S 2 . Then using the second equation from (16) we obtain that
or in other words, that the force-like term G i is orthogonal to the spin four-vector. (iii). We assume that the spin four-vector is orthogonal to the momentum four-vector, S i p i = 0; then one obtains that
There are two scalar consequences from the equations (16): their convolutions with the velocity four-vector
When the covariant derivative ∇ i U j is skew-symmetric, i.e., ∇ (i U j) =0, the equation (20) shows that the particle energy E=p i U i , calculated in the frame of reference associated with the unit vector field U i , can be changed by the force F i only. Three equations (17), (18) and (19) are satisfied identically, when
where Ω ik is arbitrary skew-symmetric tensor,
In the minimal Einstein-aether theory the quantities F i and G i depend on the particle momentum p k , spin S l , velocity four-vector U i , acceleration four-vector DU i , shear tensor σ ik , vorticity tensor ω ik and expansion scalar Θ. In the nonminimally extended theory the quantities F i and G i can include also the Riemann tensor R i klm , Ricci tensor R ik , Ricci scalar R, and the covariant derivative of the Riemann tensor ∇ s R ikmn (see, e.g., [43] ).
Basic equations for massless particles with polarization
When we are interested to consider test massless particles (m=0), the internal vectorial degree of freedom is associated with the polarization four-vector ξ i , which is assumed to be space-like and normalized by unity (ξ i ξ i = −1). In this case we have to use the four-vector k i instead of p i , and have to replace
m by k i in all the equations of particle dynamics. The normalization condition reads now as k i k i = 0. The parameter τ along the particle world-line is now defined so that
For the massless particles the basic equations transform into
providing the auxiliary relations
The reconstruction of the force-like terms F i and G i gives two principally new details in comparison with the case of massive particle. The first novelty is that one can add the terms proportional to the null four-vector k i to both quantities F i and G i :
providing the relations (24) to be satisfied, since k i k i = 0 and ξ i k i = 0. The scalar µ can be arbitrary function of the scalar E=k i U i only. As for the scalarμ, it is considered to be a linear function of the scalar ξ i U i and arbitrary function of the particle energy E.
The second distinction from the case of massless particle is that now there is some kind of gauge degree of freedom in the definition of the polarization four-vector. Indeed, if we putξ
we guarantee that the same normalization-orthogonality conditionsξ
are satisfied for the transformed polarization four-vector. After the transformation (28), the first equation in (23) remains unchanged, the second equation keeps the form
There are two interesting consequences from the last equation. (28) excludes the term linear in k i from the equation of the polarization evolution. In particular, if µ=0 (it is the physically motivated choice, which guarantees that the massless particle energy remains constant in the absence of external impacts) the scalar R can be found from the condition dR dτ =−μ to redefine the polarization fourvector. We will use such a gauge transformation of the polarization four-vector below in Subsection IIIE3.
Reconstruction of the force-type sources
Keeping in mind the general relationships (22) we reconstruct the tensor Ω ik using the following ansatz: A) the tensor Ω ik contains neither S i , nor ξ i ; B) the tensor Ω ik is linear in the covariant derivative of the unit vector field.
The requirements A) is based on the idea that in the leading order of semi-classical approach the Planck constant does not enter the master equations; since the spin four-vector appears in this approach in the form of product S i , it seems to be reasonable to eliminate such a quantity from Ω ik . The requirement B) is typical for forces of different kind. This approach is used in the field theory, in transport phenomena, etc., and imply that the forces are caused by inhomogeneous potentials, flows, etc.
In order to simplify the irreducible decomposition of the tensor Ω ik we use the representation
where the particle energy is determined with respect to the aether velocity E ≡ U k p k or E ≡ U j k j , and the transversal component of the momentum four-vector is defined as
Also, we assume that the coefficients in the decomposition can be appropriate functions of the scalar E. The decomposition contains terms of zero order with respect to q i , linear, quadratic etc. For instance, zero-order and linear terms in q i can be written as follows:
In this approximation the model contains seven coupling parameters, when m = 0, and nine coupling constants, when m = 0 (two additional parameters can appear when µ = 0 andμ = 0).
III. FIRST APPLICATION: GÖDEL-TYPE UNIVERSE SUPPORTED BY AETHER WITH ARBITRARY JACOBSON'S CONSTANTS
A. The space-time metric
The metric describing the rotating universe appeared in the original work [26] . Using the formal redefinitions of the coordinates (ax 0 → t, ax 1 → x, etc.), and of the parameter a → 1 ν , we rewrite the Gödel metric as follows:
The constant ν is connected with the Ricci scalar calculated for this metric as R=ν 2 . When ν = 0, the spacetime is flat, and we can return to the Minkowski metric using the coordinate transformationt = t + y,ỹ = y √ 2 . In the original work [26] the author assumed that the velocity four-vector, associated with the source of the gravitational field, has only one non-vanishing contravariant
. Since in that case the covariant components of the Ricci tensor, R ik , happened to be proportional to the product u i u k , this assumption led the author of [26] to the conclusion that the source of the corresponding gravitational field is the dust with constant energy-density, and the cosmological constant, the sign of which is opposite of that occurring in the Einstein static solution.
Below we consider two models of the Einstein-aether type. In the first one we use the Gödel's ansatz about the velocity four-vector; the corresponding exact solutions contain arbitrary Jacobson's constants. In the second model we considered the velocity four-vector with two non-vanishing components; the corresponding exact solutions are found for Jacobson's constants coupled by three relationships.
B. Ansatz about the structure of the unit dynamic vector field
In the model under consideration, for the unit dynamic vector field we use the ansatz, which was proposed by Gödel in [26] :
The new detail is that in [26] the four-vector u i was the eigen-vector of the stress-energy tensor of the dust, while in our approach we deal with the unit dynamic vector field U i as one of the sources of the gravity field. Another source in our model is a Dark Fluid with an anisotropic pressure.
The covariant derivative ∇ i U k can be now written as
providing that the acceleration four-vector, the shear tensor and the expansion scalar vanish
Only the vorticity tensor is non-vanishing
The square of the vorticity tensor is constant
The corresponding angular velocity four-vector is
is the Levi-Civita tensor, E jnpq is the absolutely anti-symmetric Levi-Civita symbol with E 0123 = +1. Clearly, the parameter ν describes the angular velocity of the universe uniform rotation, since the observer moving with the velocity U i is in the rest with respect to the universe.
C. Exact solutions to the field equations
Solutions to the reduced equations for the unit dynamic vector field
Since only the vorticity tensor is non-vanishing in this model, we obtain using (36) that
Thus, the field equations (8) are transformed into
and yield only one non-trivial equation
In other words, the equations for the velocity four-vector happen to be satisfied for arbitrary Jacobson's parameters C 1 , C 2 , C 3 , C 4 , and the Lagrange multiplier λ is constant and is proportional to C ω =C 1 −C 3 .
Solutions to the reduced equations for the gravity field
The stress-energy tensor of the unit vector field takes now the form
The gravity field equations
give five nontrivial equations for the metric (34)
Compatibility conditions based on the Bianchi identities are reduced to one equation
We assume that the matter substratum is presented by some quasi-dust matter, which has the pressure only in the longitudinal direction, i.e., in the direction of the rotation axis:
Clearly, the compatibility conditions (47) are satisfied identically for the tensor (48). The gravity field equations are satisfied, when
and the coupling constants C 1 , C 2 , C 3 , C 4 are arbitrary. Thus, we obtained the exact solution for the total selfconsistent system of equations, for which the unit vector field can be considered as the source of the universe rotation, and some material substratum with constant longitudinal pressure supports the system as a whole to be stationary.
Remark concerning the specific case C1=C3
When C 1 =C 3 , i.e., C ω =0, the vorticity of the aether flow exists, but it remains hidden in the master equations for both the unit vector field and the gravitational field. In other words, when C 1 =C 3 , the aether is insensible to perturbations of the vorticity type. The coupling parameters C a , C σ , C θ are non-vanishing, however, they are not activated, since the acceleration, shear and expansion of the aether flow are absent. Finally, when C 1 = C 3 , the obtained solution formally coincides with the known Gödel's solution with a dust, since for this case
However, we would like to stress that it is an exact solution of the Einstein-aether model for the arbitrary coupling constants C a , C σ , C θ .
D. Solutions to the equations of the spinning particle dynamics
Reduced master equations
Since only the vorticity tensor ω ik appears in the decomposition of the covariant derivative of the velocity four-vector ∇ i U k , many coefficients in (33) happen to be hidden (e.g., α 1 , α 4 , α 5 , α 7 ). In order to study an appropriate example, which demonstrates the typical behavior of a spinning particle in this background we restrict ourselves by the following ansatz concerning the tensor Ω ik :
Thus, in this section we deal with the following set of evolutionary equations describing the behavior of the spinning particle:
Here we introduced a new constant α = mα 2 , since in this terms the equations (54), (55) are similar to the Bargmann-Michel-Telegdi equations without abnormal magnetic moment (see, e.g., [44] ). In the equations (54), (55) the term ω ik plays the same role, which the Maxwell tensor F ik plays in the Lorentz force, so the constant α has a sence of an effective charge. The force F i itself is the analog of the Lorentz force, but the origin of this force is different: it is produced by the rotation of the aether flow.
Particle dynamics
We consider, first, the equations of the particle dynamics using the representation (38) of the vorticity tensor. These equations can be written as follows:
Since the metric does not depend on time, we obtain immediately that dp
i.e., the particle energy E = U i p i = p 0 = K 0 is constant along the world-line. This result can also be immediately obtained from the equation (20) , since the symmetric part of the covariant derivative ∇ (i U j) vanishes, and F i U i =F 0 = 0. Similarly, we obtain that dp
i.e., the longitudinal component (with respect to the universe rotation axis) of the momentum four-vector is constant. In order to find p 1 (τ ) and p 2 (τ ) we use the following procedure. First, we assume that the component p 1 of the particle momentum is non-vanishing, and thus, we can link the parameter τ along the particle world-line with the variable x by the relationship
Second, using the variable x we solve the equation for p 2 dp
Finally, the equation for p 1 dp 1 dτ
can be resolved using the normalization condition m 2 =g ik p i p k written as follows:
The relation between τ and x can be found in formal quadratures
where τ * is an integration constant. The integration in this relationship requires a more detailed analysis and we will return to this problem below.
3. Physical components of the particle momentum
As usual, to interpret physically the solutions for the particle momentum and spin we consider the projections of the corresponding four-vectors onto the tetrad fourvectors X i (a) , which satisfy the relations
with the symbol η (a)(b) denoting the Minkowski tensor. For the Gödel space-time the tetrad components have the form
The physical components of the momentum are
and using the formulas (65) we obtain the following three quantities:
Using the value Π (2) (0) instead of parameter K 2 and E instead of K 0 we obtain the convenient formula for Π (2) (x)
In order to present Π (1) (x)=X i (1) p i in an appropriate form, we attract the attention to the following fact:
This means that the sum of squares of the transversal physical components of the particle momentum is constant:
This fact allows us to introduce the auxiliary convenient formulas
These formulas give the links between the parameter τ along the particle world-line and the variable x.
Links between τ and x
The relation
which can be transformed as follows:
Here the multiplier ±1 relates to positive and negative values of p 1 , respectively, and the guiding parameter a is defined as
The final result of integration in (73) can be restructured depending on the value of the parameter a. Let us mention, that when α ≥ 0, we obtain a > 1. When α < 0, there are three intrinsic cases: |a| > 1, |a| = 1, |a| < 1. Let us consider these cases in more details.
(ii) a = ±1 We obtain from (73) that
The result of integration is
When the parameter τ is expressed in terms of the quantity tan Ψ 2 , we can link, finally, τ and x, e.g., using the formula
obtained for Π (2) (x) (see (68) and (71)).
Evolutionary equations for the spin four-vector
For the metric (34) the equations (55) take the form
In order to simplify these equations we use the tetrad components of the spin four-vector S (a) ≡ X i (a) S i :
In these terms the orthogonality-normalization conditions
do not depend explicitly on the metric coefficients. Using the same relationship between τ and x as for the dynamic equations (see (73)-(78)), we can rewrite the equations for the spin evolution as follows:
The last equation gives S (3) = E (3) =const, so that the longitudinal component of spin four-vector remains constant and is decoupled from the key set of evolutionary equations (83)- (85) for S (0) , S (1) , S (2) .
The solutions to the set of the equations (83)- (85) with integration constants associated with relationships (81) and (82) can be presented in the following form:
. (89) In these formulas the quantity A given by
contains the integrals of motion only, i.e., it is constant along the particle world-line. The phase function Φ(x) is presented by the integral
with Π (1) (x) given by (71). In more details we obtain
Transversal motion
Let the constant of motion K 3 be equal to zero. This means that Π (3) (x)=0 for arbitrary x, i.e., the longitudinal (with respect to the direction of axis of the universe rotation) component of particle momentum is vanishing, the particle moves in the plane x 1 Ox 2 . There are some simplifications in the formulas for the spin in this case:
where we introduced the new auxiliary constant
Longitudinal motion
Let us consider the case, when the transversal integral of motion vanishes, i.e., Π ⊥ =0. This means that for arbitrary x the physical components of transversal momentum vanish, Π (1) (x)=Π (2) (x) = 0. Since p 1 =Π (1) (x)=0 the particle does not move in the Ox direction. As for the direction Oy, we see that p 2 =Ee νx = 0. The particle motion in the direction Oz is uniform, p 3 =Π || . Since p 1 = 0 we have no possibility to link the variable x and the parameter along the particle world-line τ , and now the procedure of the integration of the master equations for the spin evolution differs from the procedure described above. For the motion with Π ⊥ =0 the orthogonality condition p k S k =0 reduces to ES (0) =Π || S (3) with constant values S (0) and S (3) . For simplicity, we put these physical components of the spin four-vector equal to zero, S (0) =S (3) =0, and then the evolution of S (1) , S (2) components are guided by the simple system of equations:
where the constant ω * is defined as
The corresponding solutions
describe the spin precession with the constant angular velocity ω * , and with the amplitude
which coincides with the normalization constant S.
E. Dynamics of massless particle and polarization rotation
When m=0 and thus k i k i = 0, we have to use the coefficient α 2 instead α/m, which we introduced in the Section III D 1 for convenience. The master equations, which we have to solve, are of the form:
When α 2 = 0 and µ = 0, the equation (20) yields
Clearly, the physically motivated model has to be characterized by vanishing value of this parameter, µ=0.
Polarization in case of arbitrary direction of motion
When the massless particle has non-vanishing longitudinal and transversal components of the momentum, we can write the results of integration of the basic equations as follows. First, we use the gauge transformation (28) with R=− dτμ to eliminate the termμk i in the equation (102) (see (30) for details). Then we take the solutions (67) and (87)- (89) and rewrite them using the notations
respectively, for the physical components of the momentum vector k i and of the polarization ξ i , as well as, the following simplifications:
The corresponding solutions are
The phase function φ(x) is now given by
As usual, the component s (3) remains constant. There are two special cases in the polarization dynamics.
Longitudinal particle motion
When π ⊥ =0 and thus π (1) =π (2) =0, π (0) =π || , the formulas (106) -(107) for the transversal components of spin simplify as follows:
Clearly, s 2 (1) +s 2 (2) =1. Also, we see from (105) that s (0) =s (3) . We can use again the gauge transformation (28) with the following specifications
thus avoiding the non-physical components of the polarization four-vector,ξ (0) =ξ (3) =0. Equivalently, the polarization precession can be described by the formulas (99), in which the quantity
plays the role of the precession frequency; for the case of massless particle it becomes the frequency of the polarization rotation.
Transversal particle motion
When π || =0, we can not use, formally speaking, the formulas (105)-(107), since the vanishing term π || is in the denominator. In order to discuss the corresponding solutions we can use the following tactics. First, one can check directly that the formulas
give the exact solutions for the case π || =0 and s (3) =const.
Then we can find that the gauge transformation (28) with the following specifications
gives the solutions, which do not depend on the proper time τ , and are free from the non-physical linear growth of the components of the polarization four-vector:
Clearly, the orthogonality/normalization relationships
are satisfied identically.
IV. SECOND APPLICATION: GÖDEL-TYPE UNIVERSE SUPPORTED BY A PURE AETHER WITH ONE INDEPENDENT JACOBSON'S CONSTANT
A. Exact solution to the field equations for the model of pure aether
Let us consider the Gödel-type universe without matter substratum, i.e., let us suggest that a pure aether is the source of the universe rotation. As it will be shown below, such possibility exists only if there are some constraints for the coupling constants C 1 , C 2 , C 3 , C 4 . Let us analyze this case in more details.
Ansatz about the structure of the unit vector field
Now we assume, that the velocity four-vector has two non-vanishing components
In these terms the quantity v is the constant, which describes the U 1 component of the unit vector field. Respectively, the square root
describes the three-dimensional velocity of the aether. Thus, the aether moves in the direction Ox, the parameter v is unlimited, −∞ < v < ∞, and the parameter u is restricted by u 2 < 1. The normalization condition is satisfied for arbitrary constants v and/or u.
The covariant derivative ∇ i U k contains, formally speaking, all four elements of decomposition (3)
The square of the vorticity tensor remains constant
and the angular velocity four-vector of the aether flow is again directed along the axis 0x 3 :
It is interesting to mention that the angular velocity of the rotation of the aether flow is again constant, but its value differs from ν by the factor (1+v 2 ). This means that the geometric parameter ν is not now responsible for the aether rotation, and since v is unlimited, the aether rotation rate can exceed significantly the rate of the universe rotation.
Reduced equations for the unit dynamic vector field
For the aether motion of the discussed type the quantities I j and J aj take the form
The field equations (8) can be transformed into two algebraic equations for one unknown quantity λ
These equations are compatible, when the parameters C 1 , C 2 , C 3 , C 4 , v are coupled by the relation
thus, the quantity λ reads
Clearly, searching for λ we are facing with two cases: first, when v is expressed in terms of Jacobson's parameters, second, when v is arbitrary; these two versions can be realized as follows.
In this case we obtain
Jacobson's constants being arbitrary (C 2 is hidden).
(ii) C 4 = 0 Now we see that
v, C 2 and C 3 are arbitrary.
To choose one from these two versions we have to study the reduced equations for the gravity field.
Reduced equations for the gravitational field
When C 4 = 0, the gravity field equations are of the form
There is one important consequence of this set of equations, namely
Clearly, in combination with (127) this consequence leads to v 2 = −1, i.e., the parameter v is imaginary. Thus the case C 4 = 0 should be excluded from consideration.
When C 4 =0, the constants C 1 and C 3 coincides, C 1 =C 3 , and λ=0; in this case there are two independent equations in the set of gravity field equations, which can be written as
Clearly, the parameter v can be expressed through C 2 as follows:
. In other words, the solution of the total set of master equations with given ansatz for the velocity four-vector exists, when
The positive coupling constant C 2 remains arbitrary in the value, and the constants C 1 and C 3 are negative.
The velocities of propagation of scalar, vectorial and tensorial modes in the aether
The interesting detail of this model concerns propagation velocities of scalar, vectorial and tensorial modes (or, for short, of modes spin-0, spin-1, spin-2, respectively).
As it was mentioned in [11] , the squares of the threedimensional velocities can be represented via Jacobson's constants by the following formulas:
In the first application, there was no restrictions for these velocities, since when the universe evolution is guided by aether and quasi-dust substratum, the Jacobson's constants were considered to be arbitrary parameters. In the universe supported by the pure aether the mentioned mode velocities have the form
In other words, the scalar mode is stopped (suppressed), and the vectorial and tensorial modes propagate with equal velocities, which coincide with the three-velocity of the aether motion.
B. Spin-particle dynamics in the Gödel-type universe supported by the pure aether
In the previous section we have studied the model, in which the aether flow was characterized by the vorticity tensor ω ik only, and this elegant model admits exact explicit solutions to the equations of particle dynamics and spin (polarization) evolution. Now we discuss the second background model for which all the irreducible parts of the covariant derivative of the velocity four-vector are non-vanishing. As a consequence, the solutions to the equations of particle dynamics and spin (polarization) evolution are much more sophisticated, and we do not intend to discuss their general solutions for arbitrary set of coupling parameters α 1 , ...α 7 , etc. Since our goal is to study the effects of spin precession and of polarization rotation, induced by the coupling to the non-uniformly moving aether, we simplify our task as follows. Let five coefficients from seven in the formula (33) be equal to zero
and other two be linked by
Then the tensor Ω ik contains the contributions from the vorticity tensor ω ik (as in the previous case) and additional contribution from the acceleration four-vector DU i
Again the antisymmetric tensor Ω ik is characterized by only one non-vanishing component
so the particle momentum and spin four-vectors evolution are governed by the equations
The right hand side of these equations differ from (56) and (79) by the factor √ 1 + v 2 only. This means that for the description of the particle dynamics and spin evolution we can use the solutions (67), (71), and (87)-(92), in which the coefficient α is replaced with α √ 1 + v 2 . Similar results are obtained for massless particles with polarization; in that case we have to replace the coupling constant α 2 with α 2 √ 1 + v 2 .
V. DISCUSSION
The unit dynamic vector field, which is associated with the velocity of the aether flow, plays a twofold role in the modeling of the universe evolution. The first aspect of this role concerns the creation of a specific surrounding space-time, which inherits the properties of the aether flow. Generally, the aether flow is non-uniform and inhomogeneous, i.e., it is characterized by the acceleration, shear, vorticity and expansion. In the first application we focused on the case, when only vorticity of the aether flow is non-vanishing, and the aether angular velocity is constant. In the second application we assumed that the acceleration, shear and expansion are also non-vanishing. The master equations for the gravity field (see (11) - (14)) admit the exact solutions of the Gödel-type with the metric (34) , which can be divided into two classes. The solutions of the first class assume the presence of a matter as a counterpart of the vector field, the second source of the gravitational field. For instance, the classical solution obtained by Gödel in [26] is associated with two sources: the dust matter with constant energy density and the cosmological constant. Consistency of the corresponding Einstein equations is provided by the parameters fine-tuning: the dust energy density and the cosmological constant are specifically expressed in terms of the universe rotation parameter ν. The solutions of the second class are obtained with the assumption that the vector field is the unique source of the gravity field, but the vector field possesses specific internal properties. The solutions of the first class are illustrated in Section III, where a new exact solution to the master equations for the gravity field is found, which describes the space-time of the Gödel-type supported by the dynamic aether and stabilized by a matter substratum with anisotropic pressure. The solutions of the second class are discussed in Section IY; they are admissible, when the scalar modes in the aether are suppressed and the vectorial and tensorial modes propagate with equal velocities, which coincide with the three-velocity of the aether motion as a whole.
The second aspect of the role of the aether flow is related with various marker-effects, which occur in the spatially inhomogeneous non-uniformly moving aether. Clearly, speaking about an aether we imagine some medium, and the aether flow is associated in our mind with its velocity field, which can be laminar, can contain vortex, can be characterized by shear, acceleration and expansion, as the fluid flows, which we see in the life. Marker-systems such as test particles with spin or polarization can signalize to observers, that the aether flow is rotating, by two channels. The first channel is indicated as a geodesic precession; this type of spin precession or polarization rotation is caused by the universe rotation as a whole; it is a global channel of information. Also, the vortex in the aether flow can interact directly with test marker systems, thus displaying the modus operandi of forces, which act on the test relativistic particle in the aether flow. There are two typical markers which can bring the global and local information about the aether rotation: massive test particles with spin and massless test particles with polarization (e.g., photons). In the presented work, we have modeled the corresponding forces for both relativistic massive and massless particles, and solved the equations of the particle dynamics, spin precession and polarization rotation. The main results are the following.
If the coupling constant α in the Lorentz-type forces (54), (55) vanishes, there is no direct influence of the aether on the particle, thus the test relativistic massive particle with spin or massless particle with polarization move along geodesic lines thus monitoring the structure of the gravity field created by the aether with vorticity. In this submodel the exact solutions for the components of the particle momentum (see (62)-(71)) can be interpreted in terms of Magnus effect. Indeed, we can consider the shifts in the p 1 and p 2 components (appeared only if ν = 0) as known hydrodynamic effects in the rotating fluid flow occurring in the plane orthogonal to the fluid rotation axis. We also found that the character of the spin evolution can be indicated as a precession. The angular frequency of the spin precession (and of the polarization rotation for the massless particle) is predetermined by the parameter ν and depends essentially on the character of particle motion. This can be illustrated, for instance, by the formulas (87)-(92) with α=0; this type of precession can be indicated as geodesic precession, but we understand that the parameter ν is now originated from the vorticity tensor characterizing the aether flow.
If the coupling constant α is non-vanishing, i.e., there exists a direct influence of the aether flow on the particle motion and spin (polarization) evolution, the situation becomes more sophisticated. We deal now with particle rotation around the axis of the aether vortex; this rotation looks like the rotation of an electrically charged particle moving in the magnetic field (see (70), (71)). The spin precession in this case can be indicated as hybrid precession. Indeed, it is a composition of the geodesic precession and rotation caused by the Lorentz-type force produced by the vortex in the aether flow; e.g., the hybrid frequency of the spin precession is given by (98).
When we deal with massless particles (e.g., photons) with polarization, one can speak about polarization rotation instead of spin precession. Generally, the formulas describing these two processes are similar, nevertheless, there is a specific case, when the massless particle moves in the plane orthogonal to the axis pointing the direction of the rotation of the aether flow. As it was shown in the Section III (compare (105)-(107) with (116)-(118) ), we faced with a specific situation, which appears also in ultrarelativistic systems of spinning particles [45] .
When the aether flow is characterized by acceleration, shear, expansion in addition to the vorticity, the particle motion and the spin evolution become much more sophisticated. We discussed in this paper only one exact solution of this type in order to illustrate one important idea. In Section IV we have shown that, when the aether velocity has the non-vanishing component in the direction orthogonal to the axis of the aether flow rotation, the frequency of the spin precession can be much bigger than the frequency of the aether flow rotation.
We consider the presented theoretical results as a basis for new constraints on the coupling constants C 1 , C 2 , C 3 , C 4 and α; however, this task is beyond of the scope of this work, and we hope to study this problem in future.
